Tunable oscillating Fano spectra are demonstrated theoretically and experimentally in a fiber taper coupled conical microresonator for the first time. The oscillating Fano spectra are the modulated spectra of the resonant fields in the conical microresonator by a complex Fano parameter. Also the oscillating Fano spectra are tunable both on their Fano lineshapes and Fano resonance wavelengths by simply tuning the size of the fiber taper and the conical microresonator. All the experimental results agree well with the theoretical predictions. Such the tunable oscillating spectra can be used for many applications, such as optical signal processing, optical sensing, and optical filtering.
Introduction
In physics, a Fano resonance is a kind of resonant scattering phenomenon that gives rise to an asymmetric lineshape [1] . It is the interference result between a discrete state and a continuum background. Its asymmetric spectrum will bring shape change in both the field magnitude and the phase, so the Fano resonance has great potential applications based on its sharp asymmetric lineshape, such as on optical sensing and optical signal processing. To date, Fano resonances have been realized in plenty kinds of photonics systems [2] , including photonic crystals [3] , [4] , plasmonic nanoparticles [5] , [6] and optical microresonators [7] - [19] .
Among these photonic systems, the Fano resonance in a fiber coupled microresonator is more interesting due to its high Q factor. Whispering gallery mode (WGM) microresonator is a micrometerscale dielectric resonator which can confine light by total internal reflection [20] . Due to its high quality factor and small mode volume, it has attracted a significant level of interest in fundamental theories and applications because it can bring very strong interaction between light and matter [21] , [22] . In various coupled WGM microresonators, Fano resonances have been observed [7] - [19] . For example, in multi-resonators systems, two modes from different resonators with different Q factors can directly [7] or indirectly [8] couple with each other to produce Fano resonances. In these two works described above, a high Q mode as discrete state and a low Q mode as background field interfere together to generate the sharp asymmetric Fano lineshape. However, Fig. 1 . The schematic of a fiber taper coupled conical microresonator. E r : resonant field in the microresonator, E i : input field into fiber taper, E o : output field out of fiber taper, t: transmission coefficient through the fiber taper-microresonator junction. a: coupling coefficient from fiber taper to microresonator, b: coupling coefficient from the microresonator to fiber taper.
for a multi-resonators system, the distance between different resonators or the gap between the resonator and the waveguide needs to be very precisely controlled, which makes it difficult for its practical applications. By contrast, the adjustment of a single-resonator system is much easier and more convenient. Fano resonances can also be generated in a single resonator. For instance, two different polarization modes with high Q factor and low Q factor interfere with each other to realize a Fano resonance [9] . Moreover, two fiber modes in the fiber taper interfering with each other [10] can produce Fano resonances. Also, in a gain [11] or loss [12] , [13] microresonator, Fano resonances can be generated in a fiber taper coupled gain/loss microresonator. Through the change of gain or loss in a microresonator, the resonant field or background field is amplified or lost, and the dynamic Fano lineshape can be tuned. The Fano resonance in a single coupled microresonator has shown good applications on biochemical sensing [14] - [16] , optical filtering and optical signal processing [17] . In general, whether in a multi-resonators system or in a single-resonator system, the Fano resonance originates from an interference/coupling between two modes with different Q factors.
In this paper, we demonstrate the oscillating Fano spectra in a fiber taper coupled conical microresonator theoretically and experimentally for the first time. The oscillating Fano spectra are the modulated spectra of intrinsic fields in a conical microresonator by a Fano parameter. Also a dynamic Fano resonance lineshape is generated through changing the cavity loss passively by a thin fiber taper. The experimental results agree well with the theory. Moreover, the Fano resonance wavelength is tuned by adjusting the coupling diameter of the conical microresonator, and the continuous wavelength tuning can be achieved easily. Such the tunable oscillating Fano spectrum may be used for engineered optical signal processing, optical sensing, and optical filtering.
Theory
The schematic of a fiber taper coupled conical microresonator is shown in Fig. 1 . In the coupling system, input field E i is divided into two parts. One part couples into the microresonator with coefficient a and excites modes of the microresonator, including WGMs and radiation modes. The other part directly passes through the coupling junction with coefficient t as the transmission background. Simultaneously, a portion of the WGM couples back to the fiber taper in the coupling junction with coefficient b.In general condition, where coupling loss should be considered, coupling coefficient a,b and transmission coefficient t are complex coefficients, and can be written as a = |a|e i ϕ a , b = |b|e i ϕ b and t = |t|e i ϕ t , where ϕ a , ϕ b and ϕ t are the phases of these three coefficients, respectively. These three coefficients can be tuned efficiently by changing the gap between the fiber taper and the microresonator or the coupling diameter of the fiber taper. Here, the coupling diameter means the diameter of the fiber taper or the conical microresonator in the coupling junction.
Different from other closed microresonators, a conical microresonator is an open and asymmetric cavity due to its conical structure. The resonant field inside the cavity can be described as a dimensionless resonance field, expressed as an integral [23] , [24] :
This integral depends on the dimensionless wavelength shift:
where, n r is the effective index of the resonant mode, r is the cone radius, γ is the cone halfangle, λ q = 2πn r r q /q is the resonance wavelength, where r q is the cone radius at the taper coupling position, q is the mode number of the cylinder microresonator with the same radius r q . λ = λ − λ q is the wavelength shift to λ q . From Eq. (1) and (2), the resonant field is a wavelength dependent complex field, and it possesses a characteristic spectrum with single-side oscillation in the conical microresonator [23] . The resonant wavelength λ q can be tuned easily by changing the coupling radius r q of a conical resonator.
In the microresonator, the resonance field can be expressed as E r = acI E i when with input field amplitude E i and in-coupling coefficient a. Here c is defined as a normalized amplitude factor for the dimensionless resonance field I , and is a constant real number. The output field E o is the interference between the transmission background and out-coupling resonance field, that is E o = tE i + bE r . For simplicity, the input field E i is supposed to be real, with its phase as zero. E o can also be expressed as:
where κ = abc = |κ|e i ϕ κ is the relative transmission coefficient of the resonant field, comprising of two successive fiber taper-microresonator couplings, and ϕ κ = ϕ a + ϕ b represents the total phase of two couplings. Therefore, the normalized transmission intensity can be written as:
where f = κ/t = |κ/t|e i ϕ is the complex ratio of the transmission coefficient κ of the resonant field to transmission coefficient t of the background field. Its argument ϕ = ϕ κ − ϕ t is the phase difference between the transmitted resonance field and the background field in the fiber taper-resonator coupling junction. From Eq. (4), due to wavelength-dependent I , the transmission spectrum is the single-side oscillating spectrum, and its spectrum shape is determined by the complex ratio f , i. e. both its modulus |f | and argument ϕ. So in our case, the complex ratio f is the Fano parameter of the Fano resonance because it will determine the Fano resonance spectrum completely.
Experiment and Analysis
We use an etching method to fabricate a conical microresonator. A polymer coating stripped SM-28 fiber is vertically placed and gradually immersed into 2% volume fraction hydrofluoric acid (HF) solution through a step motor at 20 μm/s. Because of the etching effect, the part immersed earlier into HF solution experiences longer etching time, which makes the fiber become a cone with a thinner bottom and thicker top. The cone angle can be adjusted by changing the immersion speed or concentration of HF solution. We are not able to observe the change of the fiber diameter under an optical microscope because the cone half-angle is too small (∼10 −5 rad), and the measured diameter is ∼125 μm as shown in Fig. 2(a) . Fig. 2(a) shows microscopic images of the fiber taper and the conical microresonator simultaneously. In order to clearly measure the size of the fiber taper, the fiber taper must be on the focal plane, which makes the resonator look blurry. Similarly, while measuring the size of the resonator, the fiber taper is not clear. So two images with same magnification and different focal planes are put together to clearly show both their sizes. In addition, the constant immersion speed and small step of the motor (0.1 μm) ensure the continuous and linear diameter change of the fiber. With this method, the conical resonator with expected cone angle can be fabricated.
The schematic setup to measure transmission spectra of the fiber taper coupled conical microresonator is shown in Fig. 2(b) . A tunable laser (TL) at 1550 nm band is input into a thin fiber taper coupled conical microresonator after through a fiber polarization controller (FPC), and then detected by a photodiode (PD). The fiber taper with the smallest waist diameter of ∼1 μm is fabricated by heating and stretching a bare SM-28 fiber, as shown in Fig. 2(a) , and it has low loss less than 0.5 dB in 1550 nm waveband. The conical microresonator and the fiber taper are placed on two precise motorized stages respectively, so both their coupling diameters can be precisely adjusted. In the experiment, the fiber taper is kept perpendicular to the symmetric axis of the microresonator and in touch with its surface, which makes the system insensitive to mechanical vibration. The coupling sizes of the fiber taper and the microresonator can be adjusted by moving the fiber taper along x-axis and y-axis, respectively. A FPC is used to adjust the polarization of the input light. A PD is applied to detect the power of the transmission light, and the transmission spectra are measured by an oscilloscope (OSC).
We gradually move the fiber taper along x-axis in Fig. 2(b) . In the process we obtain several spectra successively, and measure the coupling diameters of the fiber taper under an optical microscope in the meantime. Fig. 3 shows the transmission spectra with the decrease of the coupling diameter d of the fiber taper. There are several resonant modes shown in the transmission spectra, where every of them exhibits a single-side spectrum oscillation. This characteristic asymmetric oscillating behavior can be observed only in the conical microresonator, and it can be used for high resolution slope measurement [23] . However, this unique feature of single-side spectrum oscillations may disturb our observation for dynamic Fano lineshape change with decreasing d. In order to observe Fano lineshapes clearly, we plot a smooth curve of every 250 points of original experimental data (pink lines in Fig. 3 ) to get rid of the influence of oscillating spectra. These smoothed cures can exhibit dynamic Fano lineshapes well. As shown in Fig. 3(a) , when d is ∼1.5 μm, the loss in the coupled system is small and the normalized background intensity is near to 1. No obvious asymmetric Fano lineshapes are observed because both the modulus and the argument of the Fano parameter are very small. In Fig. 3(b)-(d) , during d decreasing, the transmission background intensity has a large decline because the loss becomes larger. This is because the decreasing d will bring increasing scattering loss at the coupling junction and radiation loss coupled into the radiation modes of the conical microresonator [13] . The modulus and the argument of the Fano parameter both gradually increase, so Fano lineshapes transform from symmetric shapes to asymmetrical ones. In Fig. 3(e) , when d is adjusted to be ∼1 μm, the much larger loss dominated by large scattering loss and radiation loss makes the intensity of the transmission background decline nearly to zero, with ∼23.4 dB loss. Only peak-like lineshapes exist in transmission spectra due to a large Fano parameter (both its modulus and argument). It should be mentioned that, due to the requirement for phase matching between WGMs and waveguide modes, different wavelengths of Fano resonances are excited by a different size fiber taper. The thinner the fiber is, the higher order modes are excited easily. For a conical microresonator, the dynamic Fano resonance with an oscillating spectrum can be achieved through a thin fiber taper. And its Fano lineshapes can be regarded as the interaction of the classical Fano profile and characteristic asymmetric oscillating spectrum.
Next, the oscillating Fano spectra in a conical microresonator are studied quantitatively. The oscillating Fano resonance can be simulated by the above Eq. (4). We choose 4 typical modes called M1 to M4 in Fig. 3 to make detailed analyses. Their raw experimental data and corresponding simulation results are plotted in Fig. 4 . In the simulations, we have to determine the value of r , λ q and n r first. The radius parameter used in the dimensionless wavelength shift of Eq. (3) is r = 62.5 μm, measured by an optical microscope. For all four modes, r is set to be the same due to very slight diameter variation. The parameter wavelengths λ q measured from the spectra of modes M1 to M4 are 1549.88 nm, 1548.22 nm, 1550.91 nm and 1549.19 nm, respectively. The mode index n r can be estimated through its free spectral range (FSR) according to the relation n r = λ q 2 /(2πr F SR), and the FSR is achieved in the transmission spectrum. So the mode indexes of modes M1 to M4 are 1.39, 1.35, 1.32, and 1.29, respectively. Then, according to Eq. (4), both the cone half-angles and the Fano parameters of oscillating Fano resonances are adjusted carefully to let the theoretical curves fit the experimental data, and the average core half-angle is γ = 0.96 × 10 −5 for these four modes. Fano parameters are listed in Fig. 4 . The complex Fano parameters f of modes M1 to M4 are 0.15e 0.17π , 0.34e 0.37π , 0.39e 0.67π and 1.07e 1.10π , respectively. Through the simulations, we learn that different size fiber taper will bring different f (both its modulus and argument), so a tunable dynamic Fano resonance is achieved only through changing the size of a fiber taper. All simulation results are in good agreement with experimental data, manifesting the correctness of theoretical Fano spectrum Eq. (4). As shown in Figs. 3 and 4 , this oscillating Fano spectrum is similar to the one side reflection spectrum of a fiber Bragg grating (FBG). In addition, the spectrum lineshape can be tunable, so this oscillating Fano resonance can be used for optical signal processing, optical sensing and so on, working like FGB with tunable spectrum lineshape.
We have studied the tunable Fano lineshape in a fiber taper coupled microresonator above, and will demonstrate the tunability of the resonant wavelength of the Fano resonance next. According to the relation λ q = 2πn r r q /q, a size change of the WGM microresonator can bring resonance wavelength shift. The conical microresonator has a slow varying diameter naturally, so it is able to tune the resonant wavelength of the Fano resonance simply through adjusting the coupling diameter of the conical microresonator.
In the experiment, the fiber taper diameter is kept constant ∼1.0 um, and the conical microresonator is displaced the length y along its axial direction (y-axis in Fig. 2(b) ) through precisely motorized stage. Transmission spectra are recorded at 6 different y, as shown in Fig. 5(a) . During the cone displacement, only the transmission spectrum is shifted along the wavelength because of the varied λ q , and the spectrum shape is kept almost the same and unchanged due to the invariant f . Increased y brings a large spectrum red-shift due to the larger cone diameter.
According to the results in Fig. 5(a) , the relationship between spectrum shifts and displacements y is plotted in Fig. 5(b) . The dots are the measured wavelength shifts of Fano resonance, and the red line is their linear fit. The resonant wavelength shift of the conical microresonator is proportional to cone displacement y with a linear slope of 0.22 nm/mm. Such a slope corresponds to a cone half-angle γ = 0.95 × 10 −5 according to the relations γ = r / y and δr /r = δλ/λ, which agrees well with the above value from its oscillating spectrum in Fig. 4 . In the same way, the wavelength-tunable Fano resonance can be used for many applications, including optical processing, optical filtering and sensing.
Summary
In summary, we have studied the tunable oscillating Fano spectra in a thin fiber taper coupled conical microresonator. The oscillating spectra are the modulated spectra of intrinsic fields in the conical microresonator by a Fano parameter. Also the Fano parameter/lineshape could be tuned efficiently by a fiber taper with variable size along the axis. Besides, the Fano resonant wavelength can be tuned by changing the coupling diameter of the conical microresonator. The theoretical and experimental results agree well with each other. Such a tunable oscillating Fano spectra can be used for many potential applications, including optical signal processing, optical sensing, optical filtering and so on. For example, as for optical filtering, the wavelength tunability of the Fano spectrum in conical microresonator demonstrated above overcomes the limitation of discrete wavelength selection by adjusting polarization [17] , and it can be applied for continuous and linear filtering for laser.
